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Riemannian metrics on open subsets of the plane. The hyperbolic plane. Poincaré
models and their metrics. The isometry group. Hyperbolic triangles and the Gauss-
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Embedded surfaces in R3. The first fundamental form. Length and area. Examples. [1]

Length and energy. Geodesics for general Riemannian metrics as stationary points of
the energy. First variation of the energy and geodesics as solutions of the corresponding
Euler-Lagrange equations. Geodesic polar coordinates (informal proof of existence).
Surfaces of revolution. 2]

The second fundamental form and Gaussian curvature. For metrics of the form du? +
G(u,v) dv?, expression of the curvature as v/Gy/ VG . Abstract smooth surfaces and
isometries. Euler numbers and statement of Gauss-Bonnet theorem, examples and ap-
plications. 3]
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1 Euclidean geometry

1.1 Geometry in R"

Lecture 1

For v, w € R™, the dot product is defined as

n
v-w = Z V; Wy
i=1
The norm or “length” of a vector is
lv| = Vv v
and this satisfies the triangle inequality:
v+ w| < Jo| + |wl,

with equality if and only if v = kw or w = kv, for some k > 0.

Distance

For z,y € R", d(z,y) = |x — y| defines the Fuclidean metric on R™. We call this the
Euclidean metric because it satisfies:

(i) d(z,y) > 0 for all z,y € R™, with equality if and only if z = y;
(i) d(z,y) = |z —y| = d(y, z), so it is symmetric;
(iii) d(z,y) = |z —y|+ |y — 2| > |x — 2| = d(z, z), the triangle inequality.

So it satisfies the axioms for a metric space.

Lines

The line through = with direction vector v is the set
{z+tv|teR}.
The ray starting at x with direction vector v is the set
{z+tv|teR,t>0}.
The line segment from x to y is the set
{z+t(y—a)tel0,1]}.

Two direction vectors determine the same line through z if and only if they are scalar
multiples of each other.

Two direction vectors determine the same ray through z if they are positive scalar
multiples of each other.

Proposition 1.1. Two distinct points lie on a unique line.

Proof. If x and y are points, then y =z + tv = tv = y — x, and the direction vector
is determined up to a scalar multiple. O

Angles

If Ry and R, are rays starting at x with direction vectors vy, vg, then the angle between
Ry and Ry is 0 < 6 < 7 satisfying
V1 - V2

v [va

cosf =
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Lecture 2 We want to show that the shortest path between two points in Euclidean space is a line.
To do this, we need to have a notion of the length of a path. Once we have this, then
the result becomes pretty tautological.

Definition. A path in a metric space X is a continuous map ~ : [0,1] — X.

v(1)

7(0)

If f:[0,1] — [0,1] is a continuous bijection (implying that f is a homeomor-
phism, since R" is compact, and so f~! is continuous), then we say that v o f is a
reparametrisation of .

Now we want to define a notion of distance along a path. Suppose we approximate our
path by a series of line segments. Then it should be intuitive that the length of our path
is at least as long as any such approximation.
t1
ty

to
i3

Let’s try to formalise this. Let A = {0 =ty <t1 <---<t, =1} C [0,1] be a finite
subset. Now define

La() = d(3(t:),7(ti-1))-
=1

It should be clear that if we increase an extra point, ¢;, that this length increases.

tj t
4

to
t3

If welet A’ = {O:tg <t <<t <t <tp<-- <tn:1}, then by the triangle
inequality, La/(y) > La(vy). Thus:

La(y) = Lo,y (v) = d(7(0),~(1)).

Also we have that if A C A, then La(y) < La/(y).
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With these thoughts, we're ready to define the length of a path, and the following
definition seems natural:

Definition. The length of a path v is
L(v) = Sup La(v)

as A runs over the finite subsets of [0, 1].

Example 1.2. The line segment from x to y is parameterised by v(t) = z+t(y —x).
The triangle inequality in R" states that

| —y|l+ |y — 2| > |z — 2],

with equality if and only if any of the three equivalent conditions hold:

e 1 — y is a nonnegative multiple of y — z;
e r — zis a > 1 multiple of y — z;
e y lies on the line segment from x to z.
In particular, this last condition means that if 7 is a line segment from x to y, then

L4(y) =d(x,y) for all A, and so

L(y) = SUup La(y) =d(z,y).

Now let’s check that there isn’t some other path with the same length as the line segment.
First we need the following lemma:

Lemma 1.3. If yo f is a reparameterisation of v, then L(yo f) = L(v).

Proof. We have La(yo f) = Lya)(v). Also La(yo f) < supy La(y) = L(7), and so
L(yo f) < L(7).

Similarly v = (yo f) o f~1 implies L(y) = L(yo fo f~1) < L(vyo f).
Hence L(y) = L(y o f). O

Proposition 1.4. The line segment from x to y is the shortest path from x to y.
Precisely, if vy is the line segment from x to y and 1 is a path from x to y with
L(v) = L(m) = d(z,y), then v1 = v o f, where f : [0,1] — [0,1] is continuous, and
t=s = f(t) = f(s).

This does not imply that f is invertible. We will call this property a weak reparameter-
1sation.

Proof. We've already shown that L(v1) > d(x,y) = L(y). To have equality, we need
equality everywhere in the triangle inequality.

That means that 71 () is on the line segment for all ¢. (Otherwise Ly, 13(71) > d(z,y).
Thus 1 (t) = y0(f(t)) for some f : [0,1] — [0,1]. Now f(t) = 5" 01 (t) is cts.
Suppose that f(s) > f(t) for t > s. Then L s 11(71) > d(,y).

So if L(y1) = L(y0), then t > s = f(t) > f(s), and f is a bijection. O
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Proposition 1.5. Suppose v : [0,1] — R™ is continuously differentiable. Then

1
£ = [ w]a

Proof. Write v/(t) = (v{(t),...,7.(t)). Now ~/(t) is a continuous function on a compact
set, so is uniformly continuous. That is, given € > 0, there is some & > 0 such that
|7/ (t) = ~/(s)| < € whenever |t — 5| < 4.

By the mean value theorem,
%i(t) —i(s) = (t = s) 7 (ta),
with s <t; <t. Soif |t — s| < J, then
[7i(t) = 7i(s) = (t = )7/ ()| < [t = s| [7/(t) =7/ (t:)| < |t = s|e.
Then applying the triangle inequality repeatedly, we have
[7(#) =(s) = (t = s)v' ()] < mlt — s|e.
Now if A C [0, 1] satisfies ¢; — t;—1 < ¢ for all 7, then

‘Z [y(t) =~ (ti1)| = Z (ti —ti-1) ’7%%’)” < nez |ti — ti1] < ne.

Now > (t; — ti—1) |/ (t:)| is the right Riemann sum for fol [v/(t)| dt, so if we take A’
with ¢, —t,1 < § < (5, then

<e.

1
iz (t; —ti1) ‘Vl(ti)‘ - /0 h/(t)‘ dt

Thus we have

1
L) = [ 1 0]at) < e+ 1)

whenever t; — t;_1 < ¢’ for all i.

Given any A, pick A’ satisfying the condiion above, then

La(y) < Lar() s/o /()] dt+ (n+1)e

and
1
Lo [ pola— o+ e

Combining these two, we have

L(y) = sup La(y) = i v/ (t)] dt. O
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1.2 Isometries of R"

Definition. Let (X,dx) and (Y, dy) be metric spaces. A bijection ¢ : X — Y is
an isometry if it preserves distances; that is,

dx (X1, X2) = dy (¢(X1), 9(X2))

for all X7, X5 € X.

An isometry is continuous: given € > 0, dy (¢(X1), #(X2)) < € whenever dx (X1, X2) < €.

Lemma 1.6. The inverse of an isometry is an isometry. The composition of two isome-
tries 1s an isometry.

Proof. Suppose ¢ : X — Y is an isometry with ¢(X;) = Y;. Then dy(Y7,Y2) =
dx (X1, X2), and so dy(Y1,Ys) = dx (¢~ (Y1), (Y2)), which shows that ¢! is an
isometry.

If ¢ : Y — Z is an isometry, then
dz((9(X1)), ¥(9(X2)) = dy (¢(X1), (X2)) = dx (X1, X2),

and so 1 o ¢ is an isometry. O

Corollary 1.7. Let Isom(X) be the set of isometries:
Isom(X) = {¢: X = X | ¢ is an isometry} .

Then Isom(X) is a group under composition.

Examples 1.8.
(i) Translations. If v € R™, define T, : R™ — R™ by T},(z) =  + v. Then
|To(2) = To(y)| = |z +v—y—v] =z -yl
It is clear that T), is bijective by T, ! = T_,, and hence T, is an isometry.

(ii) Orthogonal transformations. Recall that a linear map O : R" — R" is or-
thogonal if
Ow)-O(w)=v-w

for all v,w € R™ (Or in matrix form, OOT = I.) The set of all such
transformations is the orthogonal group, O(n). If O € O(n), then

Ov-Ov=v-v = |Ov| = |v].
Then using the fact that O € O(n) is a linear map:
02— Oy| = |0 (z —y)| = |z —yl,

and so O is an isometry.

Consider the case n = 2. O € O(2) looks like
cos) —sinf
sing cosf )’

rotation by an angle 6 around the origin.

Lecture 3
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O(e2) = (—sinf,cos )
= (cos(0 + 5),sin(0 + 7))

O(e1) = (cosB,sinf)

el
or like

cosf sin 0

sinf@ —cosf)’

reflection in the line that makes angle /2 with the z-axis.

Proof.
cos sinf \  [(cosf/2 —sinf/2) (1 O cosf/2 sinf/2
sinf —cosf) \sinf/2 cosf/2)\0 —1)\—sinf/2 cosf/2)"
rotate by 6/2 reﬁec_t across rotate by —6/2

How do we tell these two apart? We note that rotations have determinant
+1, whereas reflections have determinant —1.

(iii) Rotation by angle 8 about some p € R™. Here we translate p € R™ to the
origin, perform our rotation, then undo the translation. That is, we have the
composition ¢ =T, 00poT_,, or

p(x)=p+0O(x—p)=0x+ (p—0p).

It turns out that these examples are all we need to generate the orthogonal group, which
is summarised by the following theorem:

Theorem 1.9

Every ¢ € Isom(R"™) can be written as ¢ = T, o O for some v € R" and O € O(n);
that is, ¢(z) = O(z) + v.

We will prove this theorem through a series of lemmas.

Lemma 1.10. If ¢ € Isom(R") satisfies $(0) = 0 and ¢(e;) = e;, where {e;} is the
standard basis, then ¢ = idgn.

Proof. Let ¢(x) =y. Then
|z = 0 = |¢(x) — ¢(0)* = |(x) — 0] = |y,
and so we have
D T = Y Yi (*)
Similarly, for any basis vector e;, we have
2
|z — ei’2 = ’¢(~’U) - ¢(€i)| =ly— €i|2 .

Hence we have

R G i RURLEE (7Bl Vb R A G

Subtracting from gives —2x; +1 = —2y; + 1 = x; = y;. Hence y = x, and
¢ = idgn. O
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Lemma 1.11. If ¢ € Isom(R"™) satisfies ¢(0) = 0, then ¢(z) - ¢(y) = = -y for all
z,y € R™.
Proof. First we have
2 2
[6(2)|" = |¢(x) = ¢(O)] = |z 0] = ||*. (+)
We also have )
|6(z) = d(y)]” = |z —yI*.
This is also equal to
2 2 2 2
6(2)]" = 26(2) - ¢(y) + [¢(y)|” = |2 — 22y +[y|”.
Finally, using , we get ¢(z) - p(y) =x - y. O
Lemma 1.12. If ¢ € Isom(R") with ¢(0) = 0, then ¢(x) = Ox for some O € O(n).
Proof. Let v; = ¢(e;). Then v; - v; = ¢(e;) - d(ej) = e; - ej = ;5 (lemma |[1.11]).
Thus O = (vy,...,v,) € O(n), with O(e;) = v;.
Then O~ ! o ¢ € Isom(R"), and by lemma m,

ieaty—g ) = v
and so we have ¢ = O. O
Proof of theorem. Let v = ¢(0). Then by lemma m

T o ¢(0) =0, T, o ¢(x) = Ox.

Thus ¢(z) = Oz + v. O

Corollary 1.13. Isometries preserve angles. That is, if ¢ € Isom(R™), and Ry, Ry are
rays starting at x, then Z$(R1), p(R2) = ZR1, Rs.

Proof. 1t suffices to check for ¢ =T, and ¢ = O. If R; has direction vector v;, then
Ty(Ri) = T, ({w+toi | £ 0}) = {vi + @+ to; | £ > 0}
which has direction vector v; also and so the angle is unchanged.
Similarly OR; has direction vector Ov;, and we know that
Ovy - Ovg = 1 - 09,

and so the angle is unchanged. O
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Definition. An orthogonal frame at x is an n-tuple of perpendicular rays, denoted
(Ry1,...,Ry), starting at X.

The standard frame is Fy = (X1, ..., X,,), where X; is the positive z;-axis.

Corollary 1.14. If Fy and Fy are orthogonal frames, then there is a unique ¢ €
Isom(R"™) with ¢(Fy) = F.

Proof. Let vg be the direction vector for R;. Then

J J
0= ( T ) € O(n).
vl [[vn]|

Let ¢j =T, oOj and F’j = (R{,,R%)
Then (z)j(FO) = F]’ a,nd SO ¢) = ¢2 O (ZS_I haS

O(F1) = ¢a(¢7 " (F)) = ¢2(Fy) = .

That proves existence, now for uniqueness: if ¢'(F;) = Fy, then
¢y 0 ¢ 0 g1(Fo) = ¢5 (G(F1)) = ¢3 ' (Fa) = Fy,
and ¢, 0 ¢’ 0 1 = idgn by lemma Thus ¢’ = ¢g 0 ¢ = ¢. O

1.3 The Euclidean plane

Proposition 1.15. Two distinct lines in R? intersect in at most one point.

Proof. The intersections are solutions of
T+ tvy =y + sva.

Rearranging this, we have
tvy — sV =y — .

If v1 and v9 are linearly independent, then there is a unique solution. If they are linearly
dependent:

e cither y — x is in the span of v, and the lines are the same;
e or y — x is not in the span of vy, and there are no solutions. ]

Definition. Two distinct lines in R? are parallel if they do not intersect.

Corollary 1.16. If L is a line, and p is a point not on L, then there is a unique line
L', that passes through p and is parallel to L.

Proof. The calculation above shows that the direction vector of L’ is a scalar multiple
of the direction vector of L.

We saw before that there’s a unique line passing through p with a given diection (up to
scalar multiple). O
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Definition. The circle of radius r, centred at x is given by
{y cd(zyy) = 7"} )
Proposition 1.17. A line and a circle intersect in at most two points.
Proof. Suppose the circle is centred at p.
We need to solve the two equations:

ary +bro +c =0, (line)

2

(1 —p1)° + (22 — p2)* =1 (circle)

We can solve for z1 in terms of x2 (or vice versa, if a = 0). Substitute to get a quadratic
equation for xo, and so there are at most two solutions. O
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2 Spherical geometry

2.1 Basics
Definition. The sphere S? is
{(m,y,z) CR3: 2?2492+ 2% = 1}.
The tangent space to S? at p € S? is
T,S% = p- C R,
which is a vector space.

The name tangent space is natural, because tangents to paths on the sphere naturally
lie in this space:

Proposition 2.1. Ifv:[0,1] — S? has y(to) = p, then v'(to) € T,S?
Proof. We have ~(to) - v(to) = 1, so differentiating gives 2~'(to) - v(to) = 0. Thus
7' (to) L y(to)- O

Definition. Points z, —z € S?2 are called antipodal. Antipodal points are diamet-
rically opposite on the sphere.

We now consider some of the structures that we’re used to in Euclidean geometry, and
how they apply to the sphere. Lines are slightly different to those in R3:

Definition. A line L C S?is HNS?2, where H is a two-dimensional linear subspace
(a plane) in R3 that passes through the origin.

Some properties of lines on the sphere carry over nicely from Euclidean space. For
example, the fact that (almost) any two points define a unique line:

Proposition 2.2. There is a unique line through any two distinct, non antipodal points.

Proof. There’s a unique plane in R? containing any two linearly independent vectors.
This generates our unique line. O

We require that the two points not be antipodal, because otherwise we can define a
family on lines of S2, all from the family of planes in R? that contain the line segment
which joins them.

A concept that doesn’t carry over from Euclidean geometry is that of parallel lines. In
spherical geometry, these don’t exist:

Proposition 2.3. Any two distinct lines intersect in two antipodal points.

Proof. Any two distinct planes in R? intersect in a one-dimensional linear subspace (v),
which intersects S2 in v/||v||, —v/||v]. O

We can also think of spherical lines as circles in Euclidean space, centred at the origin,
which have radius 1.
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Now we consider direction vectors on the sphere.

Proposition 2.4. There exists a bijection
{lines L passing through p} «— {v €T),S? v # O} Jv ~ v, A € R.
Proof. We construct our bijection as follows:

L=HNnS* —ptnH=(v),
(v,p) +— v.

This is a two-dimensional space, since v € p=. O

Our concepts of rays and line segments carry over nicely from Euclidean space:

Definition. The ray at * = (L,v) is one such that that L is a line through z,
with direction vector v for L at z with||v| = 1.

The line segment from p to ¢q is the shorter arc of the line joining p and gq.

There is no unique line segment from p to ¢ if p and g are antipodal.

Similarly, if we think of angles as arising from our definition of scalar product, then our
definition is the obvious one:

Definition. If (L1, v1) and (La,v2) are rays at x, then their angle is the Euclidean

angle
Zvi,v9 = cos ™! (Ul Y2 ) .
[[vr [ loz]]

Finally, we come to our notion of distance. We define it in the obvious way:

Definition. If p,q are non antipodal points on S?2, then the distance between
them is given by

d(p,q) = length of line segment from p to ¢ =0,

where § = Zp,q = cos '(p - q).

If p and ¢ are antipodal; that is, if ¢ = —p, the d(p, q) = 0.
Now we need to show that this definition of distance turns the sphere into a metric
space, because then a lot of nice properties follow easily.

We need to check the three conditions for a metric:

(i) d(p,q) =0 <= p=q (ecasy);
(i) d(p,q) = d(q,p) (easy);
(iii) The triangle inequality: d(p,q) + d(q,r) > d(p, ).
As is usually the case, checking the triangle inequality will be the hardest of the three.
The best way to check this is to do some spherical trigonometry.
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2.2 Spherical trigonometry

First we will need the following lemma:

Lemma 2.5. If a,b,c € R3, then

(i) (axc)-(bxc)=(c-c)(a-b)—(a-c)(b-c);
(it) (axc)x (bxc)=((axb)-c)ec.

Proof. We can prove this in generality using suffix notation and the summation conven-
tion. Recall from Vectors € Matrices that
(a X b)l = eijkajbk and €ijk€ilm = jlékm — 5jm6kl.
With those in hand, we just expand the expressions accordingly:
(i) (axc)-(bxec)=(axc)(bxc),
= €;jk0jCkEImbICm
= (6j10km — 0jmO1) ajckbicm
= ajckbjck - ajckbkcj
=(c-c)(a-b)—(a-c)(b-c).
(ii) [(axc)x (bxc)], =e€jr(axc);(bxc)
= eijkeﬂmalcmekqupcq
= €pg (Ok10im — OpmOil) A1Cmbpcq
= €hpgakCibpCq — €kpgaicibpcy
= (axb),cqc;i — (¢ % ), bpa;
= [(axb) -] c.
This proves the lemma, and gives us a lot of the machinery that we need to do spherical

geometry. O

To use this lemma properly, we need to make sure we know what scalar and vector
products mean in S 2. The scalar product is the same as in R?, and the vector (or cross)
product is only slightly different:

Definition. Let L C S?N H be a ray passing through & with unit direction vector
t, with  perpendicular to t. If x,t € H, then the cross product x x t is the unit
vector perpendicular to H.

Now if we have two rays through x with directions t1, 2, then we have already defined
the angle 6 between them to satisfy

cosO =ty - ta.
Now let n; = x x t; be the unit normal to H;. Then

nl-ngz(xxtl)-(xxtg)
=(-1)° [(t1-t2) (z - x) — (t1 - @) (2 @)] (by (i) in the lemma)
=(t1-t2) 1 — 0=t - to.
Hence nq - no = cos 0.

This makes some sort of intuitive sense. If we consider the plane on the page, 7,52,
then the unit normals are just rotations by m/2. Then clearly the angle 6 is preserved.

Lecture 5



16 | IB Geometry

Next we need to consider what triangles mean on a sphere.

Now suppose we have a spherical triangle with vertices 4, B,C € S?2, with no two
antipodal, sides of length a, b, ¢, and angles «, 3, .

Since drawing spherical triangles in three dimensions is often difficult without losing
clarity, we often use two-dimensional representations of the form below. This captures
much of the information about the triangle, but it significantly easier to draw and
understand. The curved arcs represent the spherical lines that define the triangle.

In particular, it’s worth noting that o+ 4+~ > 7, as opposed to triangles in Euclidean
space. We will explore the properties of angles of a spherical triangle in more detail
later.

Since the sides are given by arcs on a unit sphere, their lengths are just the angles that
they span. Thus:

cosa=B-C, coshb=A-C, cosc=A-B.

Note that when we say a, b and ¢ here, we really do mean the lengths, not the angles,
since these lengths are actually angles.

Now, if ¢ is the direction vector for the line segment pointing from A to B, then
A X B=sincn, =sinc(A x t),

where n, is the unit normal to (A, B).
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Proposition 2.6. Suppose we have a triangle on S? as described above. Then we have
the following two rules, which are very similar to rules for triangles in R™.

(i) Cosine rule:

cosa = cosbcosc+ sinbsin ccos a.

(ii) Sine rule:
sina  sinf  sinvy

sina  sinb  sinc’
Proof. These follow very nicely from the machinery we derived in lemma Consider:
(Ax B)-(AxC)=sincsinbcosa
=(B-C)(A-A)—(A-B)(A-O)
= (cosa) -1 — cosbcosc.
Rearranging these gives the cosine rule.
Now consider
(Ax B) x (Ax C) =sincsinb (n. x ny)
= sincsinbsin o A.
=((AxB)-C)A
= (A x B)-C =sincsinbsina.

Now we know that this triple product is invariant under cyclic permutations, and so

(AxB)-C=(CxA)-B

sincsinbsin a = sin bsin a sin 7.

This second relation gives us
siny  sina

sinc  sinb’

and the rest of the rule follows by symmetry. O

Note. Suppose you're standing on the surface of the Earth. Technically, the Earth is
approximately a sphere, but standing on its surface, the distances involved are so small
that you might expect to be able to do plane geometry, and this turns out to be roughly
right. We have a,b,c < 1. sina ~ a and cosa ~ 1 — a?/2.

The sine rule on spheres obviously reduces to the sine rule in the Euclidean plane. The
cosine rule becomes

(1—a?/2) ~ (1 —b%/2)(1 — */2) + becos a,
which can be rearranged to give
a2 =b? + ¢ — 2bccos a,

which is the cosine law in the plane.
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2.3 Distance (again)

Finally, we can return to where we started: trying to prove that our notion of distance
defined a metric on the sphere, which required us to prove the triangle inequality. With
a better understanding of spherical trigonometry, we can proceed.

Corollary 2.7 (Triangle inequality). For points A, B,C € S? and the distance function
d(-,-) as defined in section [2.1, we have

d(B,A) +d(A,C) = d(B,C),
with equality if and only if A lies on the line segment BC or B and C' are antipodal.

Proof. Using the notation established in the previous section, we want to show that
¢+ b > a. We know that

cosa = cosbceosc + sinbsin ccos «

> cosbcosc — sinbsinc = cos(b + ¢).
Since cos is decreasing on [0, 7], we have a < b+ c. O

So now we have two metrics: the Euclidean metric dg on R?, and the spherical metric
ds on S?2. It’s natural to ask the following question:

If v:[0,1] — S2 C R? is a path, and we define

L¥ () = length of v with respect to the Euclidean metric on R?
L®(vy) = length of v with respect to the spherical metric

Are these two distances the same? It turns out that they are, which justifies our choice
of spherical metric.

Proposition 2.8. L (y) = L5(v).

Proof. Let p and g be two points on S?2, with an angle of 20 between their position
vectors

Simple plane geometry tells us that ds(p,q) = 20 and dg(p,q) = 2sin6. Consider

. ds(p,q) . _
lim ———= = lim — =
0—0dgr(p,q) 6-0siné

Given € > 0, there is some 6; > 0 such that if dg(p,q) < 01,
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Since ~y is uniformly continuous, there is some d2 > 0 such that
de(y(t),v(s)) < 61 whenever [t — s| < 2.
Now we consider the set of dissections
Ds={A={0=to<ti <...<tp,=1}|t; —t;i-1 <8 Vi}
and this means we can write

L(v) = sup La(v) = sup {La(v) | A€ Ds}.

Then (%) implies that if A € Ds,, then
LA (y) < LA(y) < (1 +€) LE().
Finally, for all € > 0, we have
LP(7) S L°(7) < (1 +¢) LP(v),
and so L¥(y) = L3(v). O
This is extremely useful, because it means we can use whichever metric is more conve-

nient.

2.4 lsometries

Now we consider the isometries of the sphere. This will turn out to be easier than when
we were working in R™. Let’s start by considering orthogonal matrices:

Example 2.9. Suppose O € O(3). If A, B € S2, then
d(A,B) = cos (A B) =cos }(OA-OB) = d(OA,OB),
and so O € Isom(S?).
It turns out that these actually define all the isometries of the sphere:
Theorem 2.10
Isom(S?) = O(3).

Remember how we showed this in the Euclidean case. We proved it with a series of
lemmas. First we showed that if an isometry fixes the origin and the standard basis,
then it is the identity. Again:

Lemma 2.11. If ¢ € Isom(S?2), ¢(e;) = e; fori=1,2,3, then ¢ = idgo.
Proof. Let x = (x1,x2,x3), and ¢(z) =y = (y1,y2,y3). Then
x; =x-e; =cosd(x,e;) = cosd(p(x),d(e;)) = cos(d(y,e;)) =y - e; = y;.

Thus x; = y; for i = 1,2, 3, and hence x = ¢(x). O
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Notice that this was easier than the Euclidean case. Since we don’t have translations
on 52, that’s all we need to prove the theorem:

Proof of theorem. If ¢ € Isom(S?2), then let v; = ¢(e;). Then
v; - vj = cosd(v;,vj) = cosd(e;, ej) = €; - ej = 0jj.

Thus we can construct a matrix O = (vi,ve,v3) € O(3). Thus O € Isom(S?), with
0(61) = ;.

Now O~ 1o ¢ € Isom(S?), with (O~ o ¢)(e;) = O~ (v;) = e;, and so O~ ' o ¢ = idg2 by
the lemma. Hence ¢ = O. O

Now we know what the isometries of S? are, let’s consider how their properties relate
to those in Euclidean space. Suppose L = S2N H is a line through 2 with unit direction
teT,S2.

If O € O(3), then OL = S?2N OH is a line through Oz with unit direction Ot, since
Ot € OH and Ot -Ox =t-x =0. Thus Ot € Tp,S?.

From this observation we draw the immediate corollary:
Corollary 2.12. Isometries of S? preserve angles.

Proof. If Ry, Ry are rays at x with direction vectors t1, to, then O R, O Ry have direction
vectors Otq, Oto, and

COS ZRl, R2 =11ty = Otl . Otg = COS ZORl, ORQ,
since O € O(3). Thus angles are preserved. O

Another concept we can bring over from our work in R? is that of orthogonal frames:

Definition. An orthogonal frame at € S? is an ordered pair of unit tangent
vectors (t1,ts) with t; € 7,52 and t; L ts.

The standard frame Fy at (0,0,1) is (e, e2).

Our results from the Euclidean plane carry over naturally:

Corollary 2.13. If [} = (t1,t}) is an orthogonal frame at x1, and Fy = (t3,t3) is an
orthogonal frame at x2, then there is a unique O € Isom(S?) with O(F) = F».

Proof. Observe that x1,t1,ts is an orthonormal basis for R3, so we construct O; =
(l’l,tl,tQ) S 0(3)

Then Oy (Fy) = Fy. Define Oy similarly. Then (O 0 O7Y)(Fy) = O2(Fp) = F.

Uniqueness is immediate, since an element of O(3) is determined by its action on the
basis 1,1, t2. O
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2.5 Angle defect

Now we come to the first beautiful theorem of the course, involving the previously
discussed angle formula for triangles.

Definition. If AABC is a spherical triangle with angles «, 3,7, then the angle
defect of ABC' is defined as

J(ABC)=a+ [ +~y—m.

Theorem 2.14

For a triangle as described above,

d(ABC) = Area(AABC).

Proof. First let’s consider two lines on the sphere. A pair of lines divide S?2 into four
spherical sectors, and without loss of generality, suppose they intersect at the poles.
(Compare them to slices of an orange.) Looking downward:

/\

a8

Let So be the sector subtended by angle ©. Now Area(S?) = 4, so Area(Sg) = 20,
either by considering it as a proportion of the surface area of the whole sphere, or by
considering the area integral

S} /2
Area(Se) = / / sin ¢ df d¢.
0=0J¢p=—7/2

A third line divides S? into an “octahedron” (strictly speaking, the projection of an
octahedron onto a sphere).

Consider the triangle AABC. This allows us to divide S? into two regions, R and —R,
where R is AABC and the three faces adjacent to ABC. We note that —R is the image
of R under x — —z, so Area(R) = Area(—R). Thus Area(R) = 2.

We label the triangles as follows (letting A1 = AABC):
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Now we notice that pairs of triangles form spherical sectors:

1 U 4 = spherical sector with £,
1 U 3 = spherical sector with Za,
1 U 2 = spherical sector with Zf.

Then using the previously discussed formula for the area of a spherical sector, we have

Area(1U4) = 2+,
Area(1U 3) = 2a,
Area(1U2) = 25.

We've already seen that Area(R) =27, and R =1U2U3U4. Thus
27 = Area(1U2U3U4) =2y + 2a + 20 — 2 Area(1).
But Area(1l) = Area(AABC), and so rearranging just gives

Area(AABC)=a+ f+~v—7m=0(ABC). O

Now let’s look at an application of this.

Definition. A spherical polyhedron P is

(i) A set of points (vertices) in S2;

(ii) A set of line segments (edges) in S?2 which are disjoint except at vertices;
(iii) Faces of P, the connected components S? — {edges}.
(iv) Every vertex lies on an edge.

Theorem 2.15: Euler’s formula
If P is a spherical polyhedron with V vertices, E edges and F' faces, then
V-E+F=2.

Proof. Suppose some face has more than three sides. Then we can subdivide the face
to make a new P’ with V/ =V vertices, £/ = F + 1 edges and F' = F + 1 faces. Thus
V' -E'+F' =V -E+F.
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Thus, it is sufficient to prove Euler’s formula for the subdivided shape. After repeated
subdividing, we can assume that all faces are triangles.

Every triangle has three edges, and every edge borders two faces. Thus
3F=2For E=3F. (%)
Now consider the sum of the angles:

S = sum of every angle in every face of P

= sum of every angle at every vertex of P.

Working from the face-based definition, we have:

S = Z Z = Z [7 4+ Area(f)] = 7F + Area(S?) = nF + 4.

faces f angles 6; faces f
in

Alternatively, using the vertex definition, we have

S= > ) =) =2V

vertices v; angles 0; v
at v
Combining these, we have
2nV =nF +4r —= F =2V —4. ()

Combining equations (x) and (xx), we have

V-E+F=V-3F=V-1(2V-4)=2. O

Now let’s recast this in a form we might be slightly more familiar with:

Definition. A convex Fuclidean polyhedron is a convex bounded subset of R3
bounded by a finite number of planes. That is,

where X; = {:L’E]Rg:x-vi SCZ'}.

Corollary 2.16. If P is a convexr Euclidean polyhedrom with V wvertices, E edges and
F faces, then V — E+ F = 2.
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Proof. After translation, we can assume that the origin is inside P. Then consider the
map which projects P on to the surface of the sphere.

T : RI—0 — §2
v —r v/[v

The image of P is a spherical polyhedron P’ with V vertices, FE edges and F faces.

Note that an edge of P’ is a Euclidean line segment. It projects to the spherical line
segment lying on H, where H is the plane spanned by O on L. O
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Definition. A surface is a metric space S which is locally homeomorphic to R?;
that is, for every € S, there’s an open U 3 x and a homeomorphism

¢U:U—>B0(1):{x€R2:\x|<1}.

Notice that there’s nothing special about 2 in this definition. If we replace 2 by n, then
we recover the definition of an n-dimensional manifold. We will study these objects
further in Part II.

Examples 2.17.

(i)

Trivially, R2.

(i) The sphere S2. Given z € S2, take U, to be the open hemisphere which
contains x. Let ¢y, be the projection on to the plane which cuts out the

(iif)

hemisphere.

In the diagram above, we consider a cross-section of the sphere. The hemi-
sphere containing x is shaded, and we project onto the dashed line (the plane
which removes U, from S?). We will see a form of this later, when we discuss

stereographic projections.

The cylinder S! x R = (R/Z) x R = R?/Z, where Z = ((1,0)) C R?

0

1

>

~—_ 1

The diagram above shows that the cylinder can also be thought of as [0, 1] x R.
We take a pair of infinite lines at 0 and 1 (left), and we wrap them around
until they meet, and this is the infinite cylinder (right). The interval [0, 1] is
mapped to a circle, which we recover by taking a cross-section of the cylinder.

Lecture 7
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(iv) Mbius band, M = [0,1] x [-1/1]/ ~, where (0,y) ~ (1, —y).

(—-1,1) (1,1)

(—1,0) (1,0)

Traditionally we make a Mbius band by taking a strip of paper, twisting
one end and glueing the ends together. Geometrically, we take the rectangle
[0,1] x [—1/1] with a specified orientation, and we join the ends together in
such a way that preserves orientation.

In the diagram above, we have included several arrows to better illustrate how
orientation is preserved.

The TikZ code for the shaded Mbius strip was written by Jacques Duma and
Gerard Tisseau, published online at http://math.et.info.free.fr/TikZ /index.html.

(v) The torus T2 = St x St = (R/Z) x (R/Z) = R?/7Z>.

Constructing a torus from elementary geometry is slightly, but not signifi-
cantly, more difficult than anything we’ve done so far. First consider the
rectangle [0, 1]2, with a clockwise orientation:

(0,1) (1,1)

Y

NN
77

Y

(0,0) (1,0)

We wrap this around to construct a cylinder, not unlike example (iii). How-
ever, this is finite in both dimensions. Notice that the orientation in the two
circular faces go in the opposite directions.

S

Then we wrap the two ends of the cylinder around to make a torus, or a
doughnut shape.

There’s nothing special about the 2 in the definitions of S? and T'2. Both
constructions are dimension independent; we can just as easily, for example,
define T embedded in R”.


http://math.et.info.free.fr/TikZ/index.html
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2.7 Building surfaces

Definition. Let S; and Sy be surfaces, and ¢; : U; — By(1), where U; C S;.
Then we define the connected sum of S1 and So, denoted S1#.S2, to be

S1#8s = |1 — o7 (Bo(3)| U [$2 — 63" (Bo(3)] / ~
where d)l_l(%z) ~ ¢y (% ) for z € St

For example, we can connect two copies of 72 in this way to construct a two-holed torus,
which is a surface of genus 2. Indeed, in general, a surface of genus g is the connected
sum of g copies of T'2.

Fact. Every compact surface is one of
(i) S%
(ii) #972 (a genus g surface);
(iii) #"RP2.
We will study this further in Part II Algebraic Geometry.

This obviously doesn’t work in higher dimensions. For example, there are infinitely
many three-manifolds that are not decomposable as connected sums.

Now let’s look at another way of building surfaces.

Definition. A triangulated surface is obtained by starting with a disjoint union
of closed triangles and identifying pairs of edges. Each triangle will be embedded
with an orientation, and we join them in such a way as to preserve orientation.

£ Kz £X 7

The result is a compact surface. (This means that is is bounded bounded and
closed.)

If S is a triangulated surface with V vertices, F edges and F faces, then
x(S)=V-E+F
is the Fuler characteristic of S.

Let’s consider how we might go about computing this Euler characteristic. Counting
the number of faces and edges is easily found from the number of triangles which we
start with, but counting the number of vertices is more difficult.

Let’s consider the Euler characteristic of a connected sum. If 51,59 are triangulated
surfaces, then we can make a triangulated surface homeomorphic to S1#52 by removing
one face from each of S7 and Sy, and identifying edges of those faces. Thus

F#:Fl—{—FQ—Q, E#:E1+E2—3, V#:‘/l—i—VQ—&
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Substituting into the definition of Euler characteristic, we have

X(S1#52) = x(51) + x(52) — 2,

which gives us a good way to compute the Euler characteristic for complicated surfaces.
If we can represent it as the connected sum of simpler surfaces of which we already know
the Euler characteristic, then we can compute its Euler characteristic using the formula
above.

If S; and Sy are homeomorphic to one another, and in turn homeomorphic to S?2, then
X(S1) = x(S2), and so the Euler characteristic is a topological invariant. The basic idea
is to construct triangulated surfaces on S?2 that are homeomorphic to S; and S, then
apply the formula we already know for convex spherical polyhedra to them.

Example 2.18. If we take a triangulation of a torus 72, then it has Euler char-
acteristic 0 (unproved). Thus the connected sum of g tori, a surface of genus g,
has

X#T?)=0-2(9-1)=2-2g.

Finally, this example should make us wonder whether the FEuler characteristic is well-
defined for general surfaces, and not just triangulated ones. This turns out to be the
case, although we won’t prove it here; instead, see Algebraic Topology.
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3 Mbius transformations

3.1 Stereographic projection

We’ve encountered Mbius transformations before, in Groups. These are transformations
of the extended complex plane, C U {co} = Co. We'd like to consider how they apply
to the sphere, S2. To do this, first we need to map the sphere to the complex plane,
which we do using stereographic projections.

Definition. Let N = (0,0,1) € S? (the “north pole”). Then we define the
stereographic projection map 7 : S*\{N} — R? = C by

m(p) = intersection of the Euclidean ray p — N with the x,y plane.

Let’s consider a slightly flattened picture of this: if p = («,0, z):

This picture gives us a way to compute the value of m(p) for a given point p. By
considering the two similar triangles, we see that

z 7(p)—=x oz
I_ ﬂ_(p) = TI'(p)_ 1— 2’

and so the z-coordinate of 7(p) is x/(1 — 2).

The projection is radially symmetric about the z-axis, and so by rotating, we have
T+ 1y

T ((z,y,2) = T

So now we naturally ask how to invert the projection. In other words, given w € C, can
we find p € S? with 7(p) = w. We consider w € C with

T+ 1y

;o 2yt =1
1—2z

Squaring this equation gives
]w|2— 2 492 _ 1— 22 14z
(1-22)% (1-2° 1-2

We can solve this for z in terms of |w|, which gives

Lecture 8
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Now we return to our definition of w. We have
r=(1-2)R(w) and =(1-2)S(w),

and thus we can write

_ 2R(w) 23(w) |w* -1
= (2R 296 w1
L+ w® 1+ |w|” |w]”+1

This will turn out to be a very useful formula.

This projection map does most of the work of identifying Co, to S2. There are just two
points left unaccounted for: oo € Cy, and N € S?2. It naturally follows that we can
identify Co, and S? using the map

w e C+— n H(w) €S2,

00 +— N €S2
This tells us that {wy,} — 0o in Cy if and only if |w,| — oo also.

In this context, we call Co, the Riemann sphere, and we will also encounter it in Complex
Analysis and Complex Methods.

3.2 Mbius group

Consider an invertible matrix
a b
A= <c d) € GLy(C).

This induces a Mbius map. We define

¢A : (Coo — Cc>o
aw+b
w cw—+d

with ¢4(—d/c) = oo and ¢4(0) = a/ec.
Lemma 3.1.

(i) paa(w) = pa(w);
(ii) pa(dp(w)) = dap(w).

Proof. Part (i) is easy and left as an exercise. For (ii), define
X:{wG(CQ:w;éO}/N, w ~ Aw, AeCr.
We can define a map P : X — Cy, by P(w;,ws) = wy /we.
Then GL2(C) acts on X by A-w = Aw (by matrix multiplication) and
P(Aw) = ¢A(P(w)).
Then we have

¢a(¢p(P(w))) = P(A- (B - w)) = P(ABw) = ¢ap(P(w)). -

It would have been easy to do this by simply plugging in matrices and turning the handle
on some algebra, but this is a cleaner proof. It gives us some understanding of why the
result is true.
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Corollary 3.2. We define the projective general linear group as

GL,(C)

This acts on C.
Exercise 3.3. If SLy(C) is the special linear group, then show that

PGLy(C) = SLa(©) PSL;(C).

Definition. The Mobius group is given by
Mob = {¢ : Coo — Coo : $(w) = da(w), A € GLy(C)} = PSLy(C).

Then ¢ € Mob is a Mobius transformation. This is the group of all invertible
holomorphic maps Co, — Cqp.

Lemma 3.4.

(i) We can generate Mob with maps of the form

e z+—az, a € C* (dilation);
o 22— z+b, be C (translation);
e 2+ 1/z (inversion).
(ii) If z1, 29,23 and wy,we, w3 are two sets of distinct points in Co, then there is a
unique ¢ € Mob with ¢(z;) = w;.

(iii) Cross ratios. If 21, 22, 23, 24 € Coo are distinct and ¢ € Mob with ¢(z;) = w;, then
cross ratios are preserved. That is,

(22 — 23) (24 — 21) _ (w2 —w3) (wg —wn1)

(22— 21) (24 — 23) (w2 —w1) (wg —w3)

Proof is left as an exercise.

Definition. Let C be the set of Euclidean lines and circles in C.
Lemma 3.5. Let S C C. Then S € C if and only if S satisfies an equation of the form
azz +bz+bz+c=0,
fora,c € R, b € C, and not all zero.

Proof. A line satifies ax + Sy = 7, for a, 5,7 € R, so
Z+7Zz Z—Z
(57)+0(50) -
(a;zﬁ>z+ (a—;zﬁ)Z:%

Rearranging this gives

which is what we want.
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A circle satisfies |z — p|* =2, so

zf—p?—ﬁz—l—|p|2:r2 or zE—pZ—ﬁz+(|p|2—r2) =0,

which is again the desired form.

The converse is very similar: if a # 0, then divide by a and complete the square. If
a = 0, then we have a line. O

Corollary 3.6. If S € C, ¢ € Mob, then ¢(S) € C. That is, Mbius maps takes lines
and circles to lines and circles.

Proof. 1t sufficies to check that this is true for the generators of Mob.

Take w = ¢(z) = az. If the equation of S is azZ + bz + bz + ¢ = 0, then

1 a _ b [
z=a W = —sww+—-—w+_-w+c=0.
|a| o [}

This equation is of the same form, and so elements of C map to other elements of C.

The cases z — z + b and z — 1/z are similar. For the latter, the new equation is

a b b _ _
—+—4+—4¢c=0 = a+bw+ cww =0,
ww o w W
which is again of the same form. O

Corollary 3.7. There’s a unique element of C passing through any three distinct points
21, 22,23 € Cp.

Proof. Choose ¢ € Mob with ¢(z1) =0, ¢(22) = 1 and ¢(z3) = 2. There’s a unique line
S € C passing through 0,1,2 in R. So C = ¢~ !(R) is the set that we want. O

Corollary 3.8. The group Mob acts transitively on C.

Proof. Given C4,Cq, pick 21, 22,23 on C, wy,ws, w3 on Cy, and ¢ with ¢(z;) = w;.
Then ¢(C4) passes though w, ws, w3, and so ¢(Cy) = Co.

Examples 3.9.
(i) If ¢(2) =

Consider: if z € R, then |z —i| = |z + 14| = V22 + 1.

z —

+§, then ¢(R) = S c C.

z

(ii) The stabiliser of the real line is given by
A={peMob:p(R) =R} = {¢a: A€ GLy(R)}.
Similarly, the stabiliser of the circle has

Z+«

Bz{d)eMob:gb(Sl):Sl}:{qzﬁ:qb(Z):)\az_i_l»

AeSl,aE(C,|a|27é1}.

The idea of the proof is that B = ¢A¢~', where ¢ is as in the previous
example.



Riemannian geometry | 33

4 Riemannian geometry

. . . . . . . Lecture 9
All the functions we will encounter in this chapter are smooth (that is, infinitely differ- ecture

entiable) unless otherwise stated.

4.1 Parameterised spaces

Definition. A parametrised surface S C R3 is a map o : U — R3, where U is an
open subset of R? such that

(i) o is injective and Im(o) = o;

(ii) For each p € U, do|, is injective.
This condition is actually slightly more restrictive than it needs to be.

If S satisfies (ii), then we say that it is smoothly embedded.

Recall that if o = (01,02, 03), then dof, : R? — R3 has matrix representation

le’p Uly‘p
02$|p 0'2y|p s where Oipx —
U3x|p 03y|p

99;
ox

Example 4.1. Consider the following two parametrisations of S2. First, spherical
coordinates:

o : (0,27) x (0,71) — R3
(0,0) —— (cosBsin@,sinfsin @, cos @) ’

Alternatively, consider the inverse of stereographic projection:

o RZ — R3

2T 2y x2+y271 .
(.:U, y) <1+r2+y2 9 1+172+y2 I 1+$2+y2

We can construct paths on parametrised surfaces in the obvious way: if v : [0,1] — U
is a path in U, then I' = 0 o7y is a path in S.

The chain rule holds as we would expect:

I(t) = dol, ) (1))

Definition. The tangent space to S at o(p) is
Ta(p)S = Imda\p s
which is a linear subspace of R3.

As with spherical geometry, the derivative of a path at a point is in the tangent space:

I'(t) = dol, ) v ()] € Trg.

This leads to the following fact, which we shall return to later:

IT/(#)]% = dol, ) [v/ ()] - doly v/ ().
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4.2 Riemannian metrics

Definition. If U C R? is open, then a Riemannian metric g on U is a smooth map
g : U — Maty(R) such that for each p € U, g, := g(p) is symmetric and positive
definite. That is,

(B P9 o e e
gp—(F(w,y) G(w,y)) with E(x,y) > 0, EG — F* > 0.

We saw in Linear Algebra that a symmetric, positive definite matrix is analogous to an
inner product, and that’s what we really care about.

For each p € U, g, defines an inner product on R?

E F
(a,b) = a® (F G> b=:gp(a,b).
If o : U — R3 is a parameterised surface, then define g by

gp(a,b) = do|, (a) - dol, (b),

which is the usual inner product on R3.
Note. If I' = o oy, then

F/<t) : F/(t) = g’y(t)(ﬁ//(t)afyl(t))'

Now if we have

Olz O1y
A= do-|p =020 o9 | = (am a'y) ,
03z O3y

then we can write
dol, (a) - o], (b) = Aa - Ab = a” AT Ab.

o O, 0; Oy O
g:ATa:<m>(o.may):<x. x 3:. y)'
oy Oy -0p Oy -0y

Now we must show that this really is a metric:

This gives us

Lemma 4.2. As defined above, g is a Riemannian metric.

Proof. As o, -0y = 0y - 04, the matrix is symmetric.

To show that it is positive definite, write
gp(av (I) = da’p (a) ’ da|p (a) Z 07

with equality if and only if do|, (a) = 0, which is true if and only if a = 0, since do is
injective. (This is where our embedding hypothesis comes in.) O

Notation. We don’t usually write g as a 2 x 2 matrix; instead we write ¢ = Fdz? +
2F dz dy + G dy?, where

EFE=0, o F=0, 0y G=o0, 0y
We say that this g is the Riemannian metric on U induced by o.

Note that not every Riemannian metric arises in this way.
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Example 4.3. The Euclidean metric on R? is dz? + dy?.

The Euclidean metric on R? is du? + du3 + du%, for coordinates (u1,usg,u3) on R3,

We write
_ 0Oo; do + do;
Oz oy

then the metric induced by o is du? + du3 + du3.

dul-

dy,

Now let’s look at a more complicated example:

Example 4.4. Consider

2x 2 24y —1
U(l’ay)=< / Y > a=1+2%+92

1+l‘2+y271+ﬂ?2+y271+$2+y2

Then we have

2 422 4 1+y%— 22 2
dm:(_2>dx_wgdy:2<wdx_fcgdy)
(6 (6% « (6% (6

14 22 —q? 2
d@:z<wdy_xgd$>
« (0%

4 4
dos = —Q;da?-i- %dy.
o «
So we have

g= (d01)2 + (d02)2 + (d(fg)2

ol

2
[(1 =+ y2 — x2> + 4x2y2 + 43:2} da?
+ [—2xy — 22y + 4ay] dx dy
2
n [(1 e y2> + da?y? —1—43/2] dy2]

= % <a2 da? + o? dy2>
4 (dx2 + dy2)
(1 + [L‘Z + y2)2 .

Notice in particular that this is a function of the standard Euclidean metric.
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4.3 Geometry with the Riemannian metric
Let ¢ be a Riemannian metric on U C R2.

Definition. A path 7 : [0,1] — R? is piecewise smooth if it is continuous on [0, 1]
and smooth except at finitely many points 0 = tg < t1 <9 < --- <t, = 1.

This gives us a way to define length. If v : [0,1] — U is a piecewise smooth curve,

then we define )
N7 ot
L =3 [ motron
i=0 7t

Now, if ¢ is induced by o, and I' = ¢ o 7y, then

T'(1)] = /930 (V' (£),7/(1)),

and so Ly(y) = L(I'), the Euclidean length. This feels intuitively correct.

Now we have a notion of length, we can define distance: if p,q € U, then define
d(p,q) = inf {Lg(7) | v : [0,1] — U piecewise smooth, y(0) = p, (1) = ¢} .

Note, however, that the infinum need not be obtained by any ~. Consider:

Example 4.5. Let U = R?\{0}. Take g = da? + dy?, and p = (—1,0), ¢ = (1,0).

Then the infinum is the straight line between them, but this is disallowed since 0
has been excluded. Thus the infinum is never attained.

Once we have distance, then we can define surface area. If A C U, then define

Area(A):// \/EG—dexdy:// \/det gdx dy,
A A

if this integral is defined, and otherwise we say that the area of A is undefined.

Lecture 10 Now we want to show that our notion of distance really is a metric in Riemannian space.
Proposition 4.6. As defined above, d is a metric.
Proof. We must check that:

(i) d(p,q) > 0, with equality if and only if p = ¢;
(ii) d(p,q) = d(q,p);
(ili) d(p,q) +d(q,r) = d(p, 7).

Unlike previous metrics, it turns out that (i) will be the hardest condition to prove. We
need a lemma:

Lemma 4.7. Given p’ € U and r > 0 so that B.(p') € U, there is ¢ > 0 such that if
v :[0,1] = By(p’) is a path, then Ly(v) > ¢|y(0) — v(1)| (Buclidean distance).

Proof of lemma. Consider the general form of g,:

E F
w=(F o)

This is symmetric and positive definite, so it has strictly positive eigenvalues A1 (p), A2 (p)
and eigenvectors v1(p), v2(p) which form an orthonormal basis of R2.
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If v = avi(p) + bva(p), then

gp(v,v) = a*A1(p) + b*Xa(p)
> min(\p, Xo) (a? + b%)

= min(Ay, A2) v - . (%)

Now A1, A2 are continuous functions of p and B, (p’) is compact, so there exists some

@1 € Br(p’) with \i(q1) < A\ (r) for all » € B,(p). Similarly, there is some g2 with
A2(q2) < Ao(r) for all r € B,.(p).

So take A = min(A1(g1), A2(g2)), then g,(v,v)Av - v for all p € B,(p) (from (x)). Then

1
L) = [ Voot 0. 0)ar
1
> /0 )0 dt

= \/XLEuclidean (7)
>V |7(0) = v(1)].

So we take ¢ = V/\. O

Proof of proposition.
(i) For any «, we have L,(v) > 0, so

d(p,q) = iglf Ly(v) > 0.

Pick r > 0 with B,(p) C U, and choose ¢ > 0 as in the lemma.

Spose q # p. If ¢ € B,(p), v(0) = p, v(1) = ¢, then the lemma tells us that

Lg(’y) 2>c "7(0) - 7(1)’ = cdguclidean (P, q)
and so we have

d(p, q) = / Ly(7) > e dpaciidean (91 0) > 0,
:

since p # q.

If ¢ € B,(p), then by the intermediate value theorem, if v(0) = p, (1) = ¢, then
there exists some ¢ € (0,1) with [p — ~(¢)| = r. Then

Ly(7) = Ly(vljo) = ¢|p = v(1)]| = er > 0,
so again inf Ly(y) > cr > 0.

(ii) There’s a bijection between
{paths from p to ¢} +— {paths from ¢ to p}

taking v(t) = v(1 — t) = y~1(¢); that is, just traversing the paths in the opposite
directions. So we have

Lg(v) = Lg(y™") = d(p,q) = d(q.p).
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(iii) We want to show that d(p, q) + d(q,r) > d(p,r). Pick:

e v with 41(0) = p, 71(1) = ¢, and Ly(y1) < d(p,q) + € (¢ > 0), and;
o 72 with 72(0) = ¢, 72(1) =, and Ly(y2) < d(q,7) +e.

Define v by
t) = v1(2t) ift <1/2,
T Y eee—1) ite>1/2

Then + is piecewise smooth and

Lg('Y) = Lg('Vl) + Lg(72) = d(p,q) +d(q,7) + 2¢ > d(p,7),

and letting € — 0 gives
d(p,q) +d(g,r) > d(p,r). O

So now this definitely defines a metric. Now we move to consider angles. If 1,7z :
[0,1] — U, with v;(t;) = p, then let v; = ~/(t;).

7

p
6
70
The angle 6 between v and 5 at p is defined to be
gp(vla '1)2)
cos = ==, where |v;|, = 1/ gp(vi, ;).
vl |2, g

If g is induced by o : U — R3, then 6 is the Euclidean angle between I'y = o o 1 and
'y = 0o~y at o(p).
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4.4 |lsometries

Let U; C R2. Suppose ¢ : U; — Us is bijective, and that ¢, ¢p~! are smooth.

If g5 is an Riemannian metric on Us, then there is an induced metric g4 on Uy, given by

g2lp(a’7 b) = 92¢(p) (d¢|p (a)a d¢|p (b))

In terms of matrices, we have

Ey; F
I d T 2 2 d
1)) ¢ <F2 G2 ¢a
_ (B2 F
g2 = }712 GQ .

Definition. If ¢ is as above and g; is an Riemannian metric on U;, we say that ¢
is a Riemannian isometry if g1 = g4; that is,

g1(a,b) = ga(de(a), de(b)).
Proposition 4.8. If ¢ : Uy — Us is a Riemannian isometry, then

(i) Ly, (v) = Lyg, (pomy).

(ii) di(p,q) = da(o(p), #(q)), where d; is the metric induced by g;.
(i7i) The angle between 1 and -2 at p is the angle between ¢ o~y and ¢ o vy at ¢(p).
(iv) If A C Uy, then Area;(A) = Areax(¢(A)).

where

Proof.
(i) First we have

902((¢07),(¢07)) = g2(do(n'),do(v") = 1 (', 7).

Thus we have

1 1
Lyy(do) = /0 Va0, (@07)) dt = /0 Vot dt = Ly, (7).

(ii) There’s a bijection
{paths from p to ¢ in U1} +— {paths from ¢(p) to ¢(q) in Us}
taking v+ ¢ 0. Since Ly, () = Lg, (¢ 0 y), the infinima are the same.
(iii) Similar to (i).
(iv) In matrix form,
g1 = d¢T gpd¢ = det g1 = (det d¢)? det go.
With this in hand, we have

Area;(A) = // \/det g1 dA
A
_ / / (det dg| \/det g2 dA
A
= // v/det go dA
H(A)

= Areag(¢(A)). O
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This naturally leads us to consider conformal maps.

Definition. If g1, g2 are Riemannian metrics on U C R?, then we say that g; and
go are conformal if

9gip = A(p) 92p,
where A : U — R™.

Notice that if g1, go are conformal, then

glp(av b) _ )‘(p) 92]?(@7 b) _ gzp(av b)

|a|glp |b‘91p \/m |a|g2p V )\(p) ’b’gQP |a|g2p |b|g2p7

so the angle between a, b is the same under g; and go. Conformal maps preserve angles.

Example 4.9. Consider the Euclidean metric ¢¥, and the spherical metric ¢°.
These are conformal:

4 (dz? 4 dy?
g¥ = da? + dy? and g° = Ade” +dy7). )2.
(1422 +9?)

There’s more than one definition. If g; is a metric on U;, and ¢ : Uy — Us, then we say
that ¢ is conformal if g5 defined by

92(a,b) = g2(d¢(a), d(b))
is conformal to g;.

Proposition 4.10. If f : Uy — Us is holomorphic with f'(w) # 0 for all w € Uy, then
it is conformal to the Euclidean metric g¥ or the spherical metric g°.

Proof. Let z = x + iy. Then Z = x — iy, and we have
dz? 4+ dy? = dzdz.

If z= f(w), then
of
=_——dw

d
Z@w

= f'(w) dw,

Similarly, we have

dz = f'(w) dw = f'(w) dw.
Combining these two results, we have
dzdz = |f'(w)|” dw dw,
and so dzdZ is conformal to dw dw = ¢¥. O
Corollary 4.11. Mobius transformations are conformal with respect to g*.

Converse. If f: Uy — U, is conformal, then either

(i) f is orientation preserving, and hence holomorphic, or;
(ii) f is orientiation reversing, and f(z) = g(%), where g is holomorphic.

Idea of proof. Since 7 is conformal, and isometries are conformal, we see that To Ao ™!
is a conformal map C,, — C,. Every orientation preserving conformal map of C, is a
Mobius map, which is proved properly in Complex Analysis or Complex Methods.
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5 Hyperbolic geometry

5.1 Hyperboloid model

Definition. We consider the surface S C R? given by 22 +9? — 22 = —1, 2 < 0.
This hyperboloid sheet gives us another way to think of points. The sketch below
illustrates the sheet: it asymptotically approaches the planes z = y, y = z and
z = x; we take a cross section view.

With this in mind, we give R? the Minkowski metric
g™ = da? + dy? — d22.
Formally, we've taken the surface 22 + y? + 22 = —1, and replaced z by iz.

At first, these two definitions might seem unnatural, but in some sense, it’s the most nat-
ural thing in the world. Note, however, that the Minkowski metric is not a Riemannian
metric. It is sometimes called the pseudo-Riemannian metric.

As before, we consider the stereographic projection 7 : S — C. And as before, we have
a “north pole” N = (0,0,1), and for any m € S that is not N, we define 7(p) to be the
intersection of NP with the zy plane. Thus

Tty

ﬂ((a:,y,z)): 1— 2 w,

the same as the sphere. Inversion is similar; we first consider

s 2?4 y? 22-1  z2+1 lw|* + 1
wf? = - R

= = z = .
(1-2" (-2 =z-1 jwl* —1

Now, if z < 0, then ]w\g < 1, and so
Im(r) =D ={weC:|w <1}.

So using the same process as the sphere, we have

and so the inverse is given by

7T_l(w):(zafe(w) 23 (w) W+1>.

1wl 1= Jwl* [w]” -1
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5.2 Unit disc model

Let g be the metric induced on g using g™, that is,

g" = do? + do3 — do3,

2u 2y 142442
olw.y) = l—a?2—y?’1—a2—y2' 1 —22—9y2 |

where

Note that we’ve now switched to using « and y as coordinates on D, not on R3. This is
. . 2 .
essentially the same calculation as for ¢°°, and we obtain

D_ 4 (da:2 + dy2)
I T a2

Again, this is conformal to g¥.

5.3 Upper half-plane model

This gives us another way to do hyperbolic geometry. Let H = {z € C: J(z) > 0}, the
upper half-plane. Define

o  Crx — Cx
z —

(z—1)/(z+1)
We saw in section [3| that ¢(R U {oc}) = S*, and since ¢(i) = 0, we have ¢(H) = D.

Definition. Let g” be the Riemannian metric on H induced from ¢” using ¢:
g5 (a,b) = g5, (A9, (a),do], (b))
By definition, ¢ is a Riemann isometry from g to g”.

To compute g, write w = x + iy. Then dz? dy? = dwdw. For w € D, we have

Zz—1 21
w=¢(z) = =1- .
$(2) z+1 zZ+1
By careful consideration, this gives us
dw=—"— and dw=——"7dz

(z —i)?

By substituting appropriately, and writing z = u 4 ‘v, we have

4( zidz )(—zidz)
o — (z+9*) \E-1*) _ 16dz dz
(1_(z—i)(z—|—z')>2 [(z+1) (i) — (2 — 1) (z+ )]
(z+1)(z—1)

(2 +1i)?

16dzdz
21 (Z — 2)] 2
16dzdz
(4v)?
B du? 4+ dv?
v2 '
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5.4 Geometry of the hyperbolic plane

We’ve now seen two models of the hyperbolic plane: the upper half-plane model H, and
the unit disc model D.

In particular, recall that G = PSLy(R) acts on H, with

GP = {¢ o) =e? "% geRac D} — $GHH™L,
az —a
This ¢ gives us a way to compare boundaries: 0H = RUoco = Ry, and 0D = S'. Then
H(Ryo) = S1.

We may use both of these models, depending on which is more convenient at the time.
We use H to denote either one, without specifying which. With these two models in
hand, we can discuss all the features of geometry that we’ve talked about before.

Angles are simple. Both ¢g” and ¢ are conformal, so angles between curves in g” or

g is the same as the Euclidean angle.

Now let’s consider isometries. Let Isom(H) be the group of Riemannian isometries of
(H, g™, and similarly, Isom(D) be the group of Riemannian isometries of (D, g”). We
come to our first result:

Proposition 5.1. G C Isom(H).

Note that G¥ isn’t all isometries, as not all isometries are orientiation preserving.

Proof. Recall that G = PSLy(R) is generated by three kinds of maps:
(i) z—=2+bbeR;
(ii) 2z az, a € R,
(i) 2+ —1/z.
It suffices to check that (i), (ii) and (iii) are in Isom(H).
(i) If z = ¢(2') = 2’ + b, then we have
r=z'+b dr=dz’
y=y' dy =dy’.
Thus we have
H _ da? + dy2 metric (dx,)Q + (dy/)2 _ H
- y2 induced by ¢ (y/)2 -9

g

(ii) If z = ¢(z') = az’, then = az’, y = ay’ and

g dz?+dy? a? (dx’)2—|—a2 (dy’)2 "
- 2 - 2 (112 =9
y a*(y’)

(iii) If z = ¢(w) = —1/w, then

dz:(i%] and dz—%
Then we have
o (9)08)
gH:da: y—zdy _ dzdz . w? ?) _ dw dw _ O

Lecture 12
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Corollary 5.2. GP C Isom(D)

Proof. If ¢ € GP| then ¢ = qboxqbal, where y € GH. Thus ¢y, X, c;Sal are all isometries,
and the composition of isometries is an isometry. Thus ¢ € Isom(D). O

Now we consider hyperbolic lines. These are defined in a very similar way to spherical
lines.

Definition. A hyperbolic line in H is L = H N C, where C is a Euclidean line
or circle which is perpendicular to JH. A similar definition under the disc model
comes by replacing H by D.

N

half-plane model disc model

For the rest of the chapter, when we say “line”, we mean “hyperbolic line” unless
otherwise specified.

Once we have lines, then it’s natural to define rays:

Definition. If 7 : R — H is a parameterisation of a line, then R = 7([c,00)) is a
hyperbolic ray starting at v(c) and with direction v/(c).

Now let’s consider a few basic results involving lines:
Lemma 5.3. L is a line in H if and only if ¢o(L) is a line in D.

Proof. As ¢9 € Mob, it preserves angles, and it takes Euclidean lines and circles to
Euclidean lines and circles. Also, ¢po(0H) = dD. Thus, if L is a line in H, then ¢o(L)
is a line in D.

The converse is similar. O

Lemma 5.4. Given a # 0, there is a unique hyperbolic line through 0 € D which is
tangent to a at 0.

Proof. First we show that any line through 0 is a diameter of D. Suppose C is a
Euclidean circle passing through 0, perpendicular to 0D. Let B be its centre.

Let A be a point in C' N 9D, then AOAB is isoceles. Thus ZOAB = 7/2 = LAOB,
and so the sum of the angles is more than 7. But this is ridiculous.

The lemma now follows, sine there’s a unique Euclidean line through 0 with direction
vector a. 0

Corollary 5.5. If p € H and a # 0, then there’s a unique ray stating at p with direction
vector a.

=P

pz—1

Then there’s a unique ray R’ starting at 0 with direction di,(a) # 0. Then the ray R
which we want is R = 1 (R’). O

Proof (In D). Choose 1 € GP with ¢(p) = 0, such as (z) =
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Proposition 5.6. If Ry, Ry are hyperbolic rays starting at p1,p2 € H, then there is
¥ € G with ¥(p1) = p2, Y(R1) = Ra.

Proof (In D). Let Ry be the positive real axis. Let

_F PN
wl(z)_pﬁz—l'

If 1 (p1) = 0, then ¢ (R;) is a radius of D.

Let ¢pr(z) = e_wwl(z), where 6 is the angle between Ry and 1 (R;). Then ¢g, (R1) =
Ry. Construct Ry similarly, and then take ¢ = ¢§21 o YpR,. €

Proposition 5.7. There’s a unique line containing two distinct points p1,py € H.

Proof (In D). Choose ¢ € GP with ¥(p;) = 0. There’s a unique hyperbolic line L
containing 0 and 1 (p2), namely through the diameter of D through +(p3). Thus ¢~ (L)
is the unique line containing p; and po. ]

Proposition 5.8. Two lines L1 and Lo intersect in at most one point in H.

Proof (In H). After applying an element ¢y € G¥, we may assume that

e (Ly) is the positive imaginary axis.
e (Ly) is (i) a circle centred on the real axis or (ii) a vertical line

Consider the two cases for ¢(Ls):

(i) At most one intersection with ¢(L1) in H (other is in the lower half-plane);
(ii) Has none. O

This final proposition motivates the following definition:

Definition. We say that L; and Lo are haroparallel if they intersect in JH and
are ultraparallel if they do not intersect in OH.

N

haroparallel ultraparallel

If L is a line, p &€ L, then there are infinitely many ultraparallel lines to L that
pass through p.
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Now we consider distance; specifically, the shortest distance between two points.

Proposition 5.9. If p,q € H, then the line segment from p to q is the shortest path
from p to q in H.

Proof (In H). Let L be the unique line segment from p to ¢q. After composing with
1 € G, we may assume that L is the positive real axis.

So we have p = ia, ¢ = ib, a,b € R. Let y(t) be a path from p to ¢ in H. Then

1 2 2 1 1 /
[+ 73 v'(t)
L (v :/~ dtZ/i /ﬁ de
9 () 0 V3 0 o ()

with equality if and only if v/ = 0 and v has constant sign; that is, if v is a vertical
line segment. O

dt >

= Inb —Ina| = |In(b/a)|.

Y5 (t)
Yo(t)

Corollary 5.10. The distance from ia to ib in H is |In(b/a)|.
Corollary 5.11. The distance from 0 to re® in D isIn [(1+7)/(1 —r)] = 2tanh ' r.

5.5 Isometries of the hyperbolic plane

We extend complex conjugation to a map ¢ : Coo — Coo by setting ¢(oc0) = 0o. Now, if
¢4 is the Mbius transformation defined by the matrix A € GL2(C), then we see that

paoc=copy.

Definition. The extended Mbius group is given by

Mob = {¢: Coo — C : ¢ € Mobor ¢ oc € Mob}.

We observe that ¢ = ¢, so the second condition is equivalent to saying that ¢ = v o c,
where ¢ € Mob. It follows from our first equation that the extended Mbius group is
closed under composition, and thus it indeed forms a group, containing the Mbius group
as an index two subgroup.

Then elements of Mob are orientation preserving, while elements of Mob not in Mob
are orientation reversing. We can compare this to rotations and reflections in Euclidean
geometry. We already have our rotations (given by Mbius maps), so now let’s consider
reflections:

Definition. If C C C4 is a Euclidean line or circle, the reflection in C' is the
extended Mbius transformation defined by

Ro =yl ocoy,
where 1) € Mob satisfies ¢(C') = RU {oc0}.

Hopefully this definition is reasonably intuitive; now we just need to check that it makes
sense. We need to check that our choice of ¥ doesn’t matter. So suppose we have
¥’ (C) =RU{oo}. Then ¢’ o9y~ (R) = R, and so ¢’ oyp~! = ¢4, for some A € GLa(R).
(As in the Euclidean plane, two reflections form a rotation.) Then

Y ocop’ =y logylocogaop =yl ocoy,

and so R¢ is well-defined.
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Example 5.12. If C is the unit circle, then Rc = goco wo_l, and so

Z41\  —iE
R == s = i =
c@=w (- ) = E

z

|| =

More generally, if C; is a circle of radius r centred at 0, then Rc, = v, 0 Rey 04y,
where 9,(z) = az. Thus R, = r?/z.

Proposition 5.13. Mob is generated by reflections.

Proof. 1t is enough to check that the maps

(i) 2240, beC;
(ii) z+ az, a € C, a # 0;
(iii) z — 1/z;
are compositions of reflections, since these maps generate Mob.

Map (i) is generated by Ry, oRp,, where Lj and Ly are two Euclidean lines perpendicular
to b and separated by a distance b/2.

For map (ii), multiplication by a € R is R¢, o R¢,, where Cy is the unit circle and Cy
is a circle of radius y/a centred at the origin, while multiplication by ¢ is Ry, o Ry,,
where L1 and L9 are two lines which intersect in an angle /2 at the origin. Using these
two maps, we can compose for any a € C\{0}.

Finally, map (iii) is the composition of reflection in the unit circle with reflection in R.
This completes the proof. O

We can view the groups Isom(S5?), Isom(R?) and Isom(D) as subgroups of the extended
Mbius group, corresponding to the extension of the following subgroups of Mob by c:

ISOm+(S2): ¢A:A:<_aﬁ g),detAzl ,

Isom ™ (R?) = {(;SA A= (g g) ydet A = 1},

Isom™ (D) = ¢A:A_<(; g),detA—l ,
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6 Geodesics
Let g be a Riemannian metric on some open set U C R?, say
g = Edz? 4+ 2F dedy + G dy>.
The basis problem we want to answer is: given p,q € U, how can we find the shortest

path with respect to g from p to ¢, supposing it exists? These shortest paths are the
analogues of lines in hyperbolic space.

6.1 Energy functionals

Let v :[0,1] — U be a smooth path. As we’ve seen before the length is

1
L) = [ ol
This is invariant under reparameterisation:

Lg(vo f) = Lg(7),
where f:[0,1] — [0, 1] is monotone and continuous.

Now we introduce a new function, which is not invariant under reparameterisation. This
might seem like a bad thing, but actually it makes our lives a lot easier.

Definition. The energy of a smooth path v :[0,1] — U is

1
By(y) = / ()2 dt.

Recall the Cauchy-Schwarz inequality, which we’ve met in many different contexts:

fab<\[Tat [P

with equality if and only if a = Ab or b = Aa, for some . Then

1 1 1
Lg(v) :/0 Iy ()], dt < \//O Y/ (t)] % dt \//O dt =/ Eg(7),

with equality if and only if |y,(t)] , = A-1 (a constant function); that is, if v has constant

speed. Now, every v with v/(t) # 0 for all ¢ has a constant speed reparametrisation;
consider

y=vof,  f:0A=[01] f(s)=F (),
where F': [0,1] — [0, 1] is given by

_ fds |’Yp(t)’g dt

F(s) = .
) Jo ()], dt
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Definition. If p,q € U, then the set of paths from p to ¢ is given by €2, ,; formally,
Qpg = {’Y :[0,1] — U smooth : y(0) = p,y(1) = q} )

Proposition 6.1. The following two conditions are equivalent:

(i) E(vo) < E(y) for ally € Qpq;
(11) L(vo) < L(7y) for all v € Q, 4, and v has constant speed.

Proof. (i) = (ii). If 49 has constant then, then
E(%0) = [L(0)]” = [L(w)]” < E().

with equality if and only if 79 has constant speed; that is, vo = 7o.
(i) = (i). We have

E(v0) = [L(10)]” < [L(30)]
which is what we require. O

Note. If v'(a) = 0 for some a € [0, 1], then can always find F' such that E(yo f) < E(v).

6.2 Calculus of variations

Given H = H(z,y, z, w), suppose 7y € (2, , minimises

1
- /0 H(8), 7(8), 7 (0), 74(0)) e
if, for example,
H(z,y, z,w) = E(z,y) 2 + 2F (2, ) 2w + Clz, ) 0’

Then ®(7) = Ey(7).
For any 6 : [0,1] — R? with §(0) = §(1) = 0, if

(v +€d)(t) = () + €6,

then v+ € € Q 4, when € < 1. Thus € = 0 minimises ®(y + €d):

0= d P(y + €d)

de
/ H(y1 + €d1,72 + €2, 7] + €0{,73 + €d3)] dt
/ [H,61 + Hybs + H.6{ + H,63] dt. (6.2)

Now we have

1 1 d 1 d
/ HZ(Slldt = [Hzél](l) - / f(HZ) 51 dt = —/ 7(Hz) 51 dt,

as 0 is a closed curve.
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Returning to (6.2)), we see that

1 dH, dH,
H, — H,——— =

for any 61, d9 with §;(0) = 6;(1) =0,i=1,2.

This gives us the Fuler-Lagrange equations:

dH,

dH. _ dy
dt -

H, = .
dt

and H,

6.3 Geodesic equations

In our case, we have
H(z,y,z,w) = E(z,y) 22 + 2F (z,9) zw + G(z,y) w’.
Simple differentiation gives us
Hm:EIZQ+2szw+wa2 and H,=2FEz+ 2Fw.

Now we write E(x,y) = E(71(t),72(t)), and similar for F' and G. Letting a dot denote
differentiation with respect to ¢, and substituting into the Euler-Lagrange equations, we
obtain the geodesic equations

: .. : d } )
EA3 + 2F 12 + Goys = a (2E91 + 2F%0),

) .. : d ) )
Ey43 4 2Finde + Gyys = En (2F41 + 2GHo).

This is a (nasty!) system of second-order differential equations.

Definition. A path v : [a,b] — U is a geodesic if it satisfies the geodesic equations,
or if is a critical points for the energy functional.

A shortest length, constant speed path is a geodesic.

Theorem 6.3

Given p € U and x € R?, there is a unique geodesic vy : (—¢,€) — U with v(0) = p,
/
7'(0) = .

Proof. This is an immediate consequence of the existence and uniqueness of solutions
for ordinary differential equations. O
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6.4 Exponential map

For p € U, v € R?, there’s a unique geodesic v, : (—¢,¢) — U with 4(0) = p, v/(0) = v.
So why can’t we extend this over all of R? There are lots of reasons. Consider, for
example, U = R?\{0}. There is not geodesic linking the points —z and z, z € R, since
we cannot go through the point 0.

Lemma 6.4. ~,(At) = 7 (t), A € R.

Proof. If ~(t) satisfies the geodesic equations, so does v(At) (Both sides get multiplied
by A\2.) So 7 = y(\t) is a geodesic with 7(0) = v(0) = p, ¥'(0) = A5'(0) = Av, and this
gives us ¥ = Yay- O

Definition. The exponential map exp,, : B.(0) — U is given by
expp(v) = 7(1)

Note exp,(Av) = 7 (1) = Y»(A), s0 exp,(v) is defined for |v| small.

Proposition 6.5. dexp,| 1.

0:

Proof. Working from the definition, we have:

. expy(ew) — exp,(0)
deyl, = iy S
— lim ’Vew(l) — 70(1)
e—0 €
— lim Y (€) — 7w (0)
e—0 €

=7.(0) = w. O

Corollary 6.6. There are open sets Vi C R?, Vo C U with 0 € Vi,p € Va, such that
exp, : Vi — Va is a diffeomorphism; that is, differentiable, bijective and the inverse is
differentiable.

Proof. This follows from the inverse function theorem, since I is invertible. Equivalently,
we cause exp,, to define a new set of coords on V5. O

6.5 Geodesic polar coordinates

Pick vy, vy orthogonal with respect to the Riemannian metric g,. Then we define
vy = v1 oSO + vy sin .
This allows us to define the map

T : [0,¢) — [0,2m)xU
(r,0) — expp(rvg) )
These define a set of geodesic polar coordinates.

Let g = Edr? +2F drdf + G df? be the metric induced from g using T'; that is,

E=g(T.,T,), F = g(T:,Tp), G = (Typ, Tp).
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Example 6.7. Consider the Euclidean metric g = g% = da?+dy?, with exponential
map T'(r,0) = expy(rvg) = rvg. Then

T =rcosb, dz =dr —rsinf dé,
y =rsinb, dy = dr + rcosf8df.

Thus we have
g = dz? + dy? = dr? + r? 6.

We consider a similar problem on the third examples sheet:

Example 6.8. We consider the metric on the disc:

p 4 (d:r:2 + dy2)

g=49g _(]_—372—y2)2‘

Then our map is given by T'(r,6) = 2tanh ™! rvy, and the induced metric is
g = dr? + sinh? r d6?.
There’s a common pattern in both of these examples:

Proposition 6.9. Under the notation established thus far, we have E = 1, F = 0,
G =12G(r,0) where lim,_,0 G(r,0) = 1.

Proof. First we need a lemma:
Lemma 6.10. Geodesics have constant speed:
ey = 11 (0) g = Iv]4, -
Proof of the lemma is on the examples sheet. Now we can prove the proposition, tackling

each function in turn:

(i) From our previous work, we have

T, = (7)) = 71, (1),

Using our lemma, we thus have

E=g(T:,T;) = 9(V0y Vo) = 9V (0)5 7, (0)) = go(vg, vg) = 1.

(ii) First consider the energy functional

r

B (y,,) = /0 910y v,) dt = /0 1dt =r.

Thus we have

0= (;99 EP (0,)] = 56 BP0, + €8)]

where 8(t) = 25 (1, (1)) = Ti(t, ).
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From our derivativation of the geodesic equations, we know

9 r
Oe Eg)’ }(%9 + 65)}

" dH, dH,
= [Hz51]6 + [Hw62]6 +/ (Hm — a1 > 0 + <Hy — dt) 49 dt. (6.11)
4 0

N~

(6-2)
The integral cancels to zero, since 7,, is a geodesic. Hence, (6.2]) and (6.11]) give

2 [(BY1 + Fi2) 61 + (FA1 + GA2) d2] = 2g(v,,,0) = 0.

But 29(T7'a TG) = 29(71;97 (5)7 so F'=0.
(iii) First we consider

dp

T(0.0) = 2 (3, 0)) = 2 =0

Then we have

aazj (TE‘)(O7 0) = TQT(()? 9) = TrG(O; (9) = 889 TT(O, 0)
9
= 55 (0, ()
0

= 90 (vg)

= —w18inf + vy cosf = vgl

Unpacking this, we deduce that
Ty(r,8) = ro(r,0),
where lim, g v(r,0) = vgl. Now
G = g(Ty, Ty) = r’g(v,v) = r*G(r,0),

where )
lim G(r,0) = lir%g(v,v) = glo (vg,vg) = 1. O
T

r—0

6.6 Local Gauss-Bonnet

First we set up an open set U C R? with geodesic polar coordinates g = dr? + G d?, as
discussed in the previous section. Let AOBC' be a geodesic triangle.
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Geodesic triangles are formed by the arcs of three geodesics on a curved surface; straight
lines are used above only for illustrative purposes. Here we have

OB ={0=0,r€[0,b]},
oC = {Hza,r € [O,c}},
BC ={T(0) = (f(0,0)),0 € [0,1]} .

Now let Py = T'(f). Then ¢(0) is the angle between O Py and BC. Note that ¢(0) = 71— [
and ¢(a) = .

The length of this curve BPy, given by

0
qm:%ywwmw

We then define

_ds _ I df dfde _ f'()

h(0) = W0 (0], which gives us s =39 = h)
d (f' G
L 12, — (L) =27
emma 6 P ( . > oh

Proof. If we parametrise by arc length I', then it satisfies the geodesic equations. Letting
a dot denote differentiation with respect to s:

d . . . o .
= [2EF1 +2F1“2} = B, T2+ F,T s+ G, T2
S

Most terms didsppaear, leaving

d /_df do\?
i (23) =6 ()
o 4 (1 _Gr
ds \ h ) K2’
which is easily rearranged to give the result. O

Lemma 6.13. 3—2 =¢' = (—VG)r

Finally, this gives us

Proof. In the diagram above, O Py is a ray of constant 6, parameterised by p(u) = (u, )
and p’(u) = (1,0). Now I'' = (f’,1), and then
g%p) 7 f

cos ¢ = Tl = 1= (%)
g1P g

Now we also consider
I\ 2 "2
G G
o e (YU e
sin” ¢ cos” ¢ (h FP+C P2+C 12
We thus have sin ¢ = v/G/h. Then we differentiate ():

AN Gr
—orsino = (4) =57,

()

by the previous lemma. Then

N € € S CE N
L Ty R TS BN Ve)r -
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This leads us to one of the main theorems of this chapter:
Theorem 6.14: Local Gauss-Bonnet theorem

For a geodesic triangle as described previously,

5(OBC’):a+ﬁ+7—7r:// VG gy

osc VG

Proof. We have dA, = /degg = VG, so

o s [
- /0 [—(\FG)T}O de
[

= /0 Jwvay] _ ~[wa)] e

r=f(6)
NoteG:r2(~}', with G — 1 as r — 0. Thus VG = r é, and so (\@)r = \/E—i—
r(\/é)r — 1 as 7 — 0. Then
:/‘u+¢ﬁw
0

= [0+0(0)],
=a+v—(r—p)
=a+y+p—m. O

Corollary 6.15. For AABC C U with geodesic sides, we have

. —(\/a)rr
S(ABC) = / /A e e

Sketch proof. Introduce a point O as follows:

A1 = AOAC
Ay = ABAO
A3 = ACAB

Let v = A1 U As U Ag. Then

(A1) +0(D2)+0(A3) =71+ +aiae+ 1+ Po+ w1+ 22+ 23— 37
=7+t oo+ i+ o — 71 =0(Ly).
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We can apply local Gauss-Bonnet to A1, Ao, Ay:

6(A3) = 0(Da) —6(L1) —

=[] e —//AI N ]
-]

as required. This is only a sketch proof because we need to consider different configura-
tions of points and triangles, but the other cases are very similar. O

Corollary 6.16.
J(ABC) (VG )y

A,Bl,Icr*l—m Area(ABC) VG

p

Definition. If g is a Riemannian metric on U, then the Gauss curvature at p is
given by
§(ABC)

Kylg) = A,Bl,rcl’l—m Area(ABC)’

Now, isometries preserve angles and areas, so if ¢ : (U1, 1) — (U2, 92), then K,(g1) =
Ky(p)(92). The corollary shows that the limit in the definition exists (which is the hard
part to prove), and is given by

~(V@)m/VG it g=dr? 4+ Gde>.

Example 6.17. Consider g = ¢g”, the hyperbolic metric on D. In geodesic polar
coordinates, this is equivalent to

g = dr? + sinh?rdf and VG = sinhr,
and the curvature is given by

\@)M _ sinhr

= =—1.
VG ~sinh1

Corollary 6.18. If ABC is a triangle in H, then §(ABC) = — Area(ABC).
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7 Surfaces

7.1 First fundamental form

Suppose o : U — R? is a parameterised surface S and let ¢ be the induced metric on U.

Definition. The first fundamental form at a point p € U is the bilinear form on
R? given by
B = gp(v,w).

This is represented by the matrix
Oy _(0z-0y Oz-0y\ (E F
(ay> (00 0y) = (ay Oy Oy O'y> - (F G) '

7.2 Second fundamental form

The tangent space TS is spanned by doy,(1,0) = o, and doy,(0,1) = 0.
The unit normal to T, ,)S at o(p) is

Oy X Oy

n(p) = m'

The map n : U — S? C R3 is called the Gauss map.

Definition. The second fundamental form of o at p is the bilinear form on R?
defined by
Biip(v,w) = —dop(v) - dnp(w)
There’s a useful procedure for computing it. Let

o S = (crx ay) be the 3 x 2 matrix that represents do; and
o N = (nx ny) be the matrix that represents dn.

Then we have

Br(v,w) = —(Sv)T (Nw) = =0T STNw = —oT <gz) (ne ny)w.

Thus Byy is given by the matrix
[ O= __(Ozng Oz Ny _ L M
<0'y) (nz ny) o (ay ‘N ay-ny> - <M2 N> ’
L M\ (0zn Oz
My N ) \oyz-n oy -n

Proof. If 0, € Tg(p)S, then 0, -n=0. Then 0,y N+ 03Ny =0,80 —04 - Ny = Opyp * N
Thus L = 04, - n. Other entries are similar. ]

Lemma 7.1.

Corollary 7.2. By is symmetric.

Proof. We have 0,y = 0y, so done. O
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Example 7.3. We have o(0,z) = (cos#,sinb, z); a cylinder of radius 1. Thus
g = (—sinf, cosb,0) and o, =1(0,0,1).

Then we have

E F\ (10 19 2
(F G>_<0 1> and g =dz" +db°,

so this is locally Euclidean. Thus the normal is

X
n=207% _ (cosf,sinf,0)
‘09 X Uz|

Taking second derivatives gives
ogg = (—cosB, —sin b, 0) and 09, = 05, = 0.

Thus our matrix is given by
L M\ (-10 2
(M N) = ( 0 0) and BU = do”.

Theorem 7.4: Gauss’ theorema egregium

If g is the metric induced by o, then

 det(Bu(o)) LN — M?
Kol9) = 3otBrie?) = BG— 7

See handout.

7.3 Closed surfaces and charts

We have the following basic problem:

Problem. A compact surface S (such as the sphere S?) cannot be written as the image
of a single map o : U — S, where U is open in R2.

This is actually a theorem, which can be proved using Algebraic Topology.
Solution. Cover S with open sets, each of which is parameterised. This gives us some-

thing close to what we want. We require the following definition:

Definition. If S C R?, a chart for S is an open set V C S and a bijective map
f:v P R2 guch that o = f~!is a parametrisation.

It might seem strange to think of the inverse of the map, but later it will be more
convenient to think of charts in this way.

If f; - V; —» U;, i = 1,2 are two charts on S, then the transition function ¢1o :
A(ViNV2) = fo(ViN V) is given by ¢12 = fao fi '

We say that fi and fy are compatible if ¢10 and ¢o1 = qbf?l are both differentiable.
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This might seem like a strange statement to make, because after some algebra we can
prove that it always holds for embedded surfaces (the only surfaces that we’ve been
considering). But later, when we consider abstract surfaces, this will turn out to be
very useful.

Definition. An atlas for S C R? is a set of compatible charts f; : V; — U; such
that the V; covers S. We say S is an embedded surface in R? if it has an atlas.

Example 7.5. An atlas for S2 C R3 is
7 S? — {N} — R? is stereographic projection from the north pole N;
7+ S? — {S} — R? is stereographic projection from the north pole S.
We treat R? — {0} as C*, and then our transition function is

$p12 + C — C*
z — 1/z°

Metrics

If f1, fo are compatible charts on S, then fi_l induces a Riemannian metric g; on U;,,
given by
gi(v,w) = (df)) "M (v) - (df; ) (w).

Lemma 7.6. ¢12: (f1(ViNV2),91)) — (fo(Vi NV2), g2) is an isometry.
Proof. Working through the algebra:

92(dera(v), depia(w)) = (df2) " (dfa o (dfi) " (v) - dfy  (dfa - (dfr) " (w))
=dfH(v) - df H(w)
= g1(v,w). n

If S C R3 is a smoothly embedded surface, and p € S, then the Gauss curvature is given
by Kp(S) := Ky (g), where f: V' — U is a chart defined in a neighbourhood of p and
g is the metric induced on f.

The lemma implies that this is well-defined.

Similarly, v : (a,b) — S is a geodesic if f o~ is a geodesic with respect to the metric g
induced by f, where f is any chart of S.

7.4 Abstract surfaces

Suppose S is a Hausdorff, second-countable topological space. A chart on S is an open
set V C S and a bijective map f : V — U C R?, with U open. (Don’t worry if some
of these terms are unfamiliar; they will be introduced formally in Metric & Topological
Spaces. They are cited here merely for completeness.) Many definitions are the same as
with closed surfaces:

If f1, fo are charts on S, then the transition function ¢12 : f1(V1 N V2) — fa(Vi N V2) is
given by ¢12 = foo fi .

We say that fi and fo are compatible if ¢1o are differentiable. This definition is exactly
the same as before, but now it has teeth. In the embedded case, we merely need to ask
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that f| ! be differentiable for f; and f to be compatible. In this case, it doesn’t make
sense to ask that f; ! be differentiable, so this is actually a useful distinction to make.

An atlas on S is a set of compatible charts f; : V; — U; such that the V; cover all of S.

Definition. An abstract smooth surface is a space S as above together with an
atlas on S.

In some sense, there’s nothing special about two dimensions in this definition. We could
similarly define an abstract smooth n-manifold. Some other properties aren’t so nice
though. There are some four-manifolds which don’t admit any structure as a smooth
manifold, whereas R* can be made into a smooth manifold in uncountably many ways.

In almost all cases, it is better to think about smooth manifolds, but these are not dis-
cussed in this course. We mention them here only for completeness, and will henceforth
restrict our discussion to surfaces.

Example 7.7. Consider the torus 7?2 = R?/Z?. There is a projection map 7 :
R? — T2 Charts on T? are inverses of maps 7y : U — T2, the restriction of
7 to an open set U = B¢(p), € < 1/2. Transition functions are translations by
(n,m) € Z2.

Definition. If {f;:V; — U;} is an atlas on an abstract surface S, then a Rie-
mannian metric on S is a set of metrics g; on U; so that the transition functions
i (fi(VinV;),9:) — (f;(VinV;),g5) are all isometries.

In an embedded surfaces, we get these as isometries for free. Here, we have to include
it as part of the definition.

Example 7.8. The flat metric on T2 is defined by taking the atlas in the previous
example, and equipping each U with the Euclidean metric dz?+dy?. The transition
functions are all translations, so isometries under ¢¥. The Gauss curvature of g is
identically zero.

However, there is no way to embed T2 into R? such that the Gauss curvature is
identically zero (see examples sheet).

In some sense, it is better to think of this embedding as treating 72 as the quotient
of (R?, g*), by the action of a group of isometries.

Here the phrase flat metric is used to describe a surface (or manifold) with identically
zero Gauss curvature.

Example 7.9. The Mbius strip also has a flat metric. The strip is given by
M =R x (=1,1)/G, where G 2 Z and K - (X,Y) = (z + k, (=1)" 4+ y). (Take the
two sides of an infinite strip and glue them together with a strip, as we illustrated
previously.) Again, this is an isometry of the Euclidean metric.
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7.5 Global Gauss-Bonnet

This leads us to the final theorem of the course, generalising the local Gauss-Bonnet
theorem we saw previously:

Theorem 7.10

If (S,g) is a compact abstract surface equipped with a Riemannian metric g, then
27 () = [ Klg)ad,

There are all sorts of beautiful theorems like this, which relate global topological infor-
mation to local properties. This is not an isolated example, although it is the only such
theorem we study in this course.

Example 7.11. Take S = S2 and let ¢ = ¢g° be the spherical metric. We know
Gaussian curvature is K = 1. Then

2#-2:/ 1dA =47,
S2

and everything is consistent.

The idea behind the theorem is quite easy. Technical details are needed to make it into
a complete proof; here we present the main ideas.

Sketch proof. Find a geodesic triangulation of S (that is, a triangulation where edges
are geodesics), and so that each face is contained in a chart. The idea is to start with
any triangulation, and subdivide the edges, replacing small edges by geodesics.

Importantly, this does not change the topology of the triangulation.

Now suppose triangulation has V' vertices, F edges and F' faces. We know that £ = %F
(recall our discussion of the Euler characteristic for the sphere). Then

F
//KdAg:Z/ K dA,
s i=177fi

where f; is the ith face. Then we apply local Gauss-Bonnet, and letting «;;, j = 1,2, 3
be the angles in f;:

F
:Z(ai1+ai2+ai3_ﬂ')

= aj—nF =27V —-aF=2n(V-E+F). O

<.
<
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A Appendix: Review sheets

A.1 Euclidean geometry

Lines:

e A line is the shortest path between two points.

e Plane separation: the complement of a line is a disconnected topological space.
e There is a unique line passing through two distinct points.

e Two distinct lines intersect in at most one point.

e Given a point x and a line L not containing x, there is a unique line passing
through = and parallel to L.

e Given a point x and a line L not containing x, there is a unique line passing
through x and perpendicular to L.

Circles:

e A line and a circle intersect in at most two points.
e Two distinct circles intersect in at most two points.
e The perimeter of a circle of radius R is 27 R.

Isometries:

o If F, F, are orthogonal frames, then there is a unique isometry taking F; to F5.
e Any isometry which fixes three non-colinear points is the identity.
e Any isometry can be written as the composition of at most three reflections.

Triangles:

e The sum of the interior angles in a triangle is .

o If A, Ay, A3 and A{, A}, A are two sets of non-colinear points with d(A4;, A;) =
d(A], A]), then there is a unique ¢ € Isom(R?) with ¢(4;) = A/.

o If instead we have d(A1, A;) = d(Aj, A]) and LA2A1 A3 = ZA;A{Aj, then there
is a unique ¢ € Isom(R?) with ¢(4;) = A/.

Trigonometry:
o If AABC has sides a, b, c and opposite angles «, 3,, then

SinOé_Sin5:Sin7 02:a2—|—b2—2abc057

a b c
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A.2 Spherical/projective geometry

Spherical lines:

e A line is the shortest path between two points.

Plane separation: the complement of a line is a disconnected topological space.

There is a unique line passing through two distinct, non-antipodal points.

Two distinct lines intersect in two points.

e Given a point z and a line L not containing x, there is a line passing through =z
and perpendicular to L.

Projective lines:

e A line is the shortest path between two points.

The complement of a line is connected.

There is a unique line passing through two distinct, points.

Two distinct lines intersect in exactly one point.

e Given a point z and a line L not containing zx, there is a line passing through =z
and perpendicular to L.

Circles:

e A line and a circle which is distinct from it intersect in at most two points.
e Two distinct circles intersect in at most two points.

e The perimeter of a circle of radius R is 27 sin R.
Isometries:

o If Fy, F5 are orthogonal frames, then there is a unique isometry taking Fj to Fb.
e Any isometry which fixes three non-colinear points is the identity.
e Any isometry can be written as the composition of at most three reflections.

Triangles:

e The sum of the interior angles in a AABC' is m + Area(ABC).

o If Ay, Az, A3 and Aj, Aj, A5 are two sets of non-colinear points with d(A4;, 4;) =
d(A;, Aj), then there is a unique ¢ € Isom(R?) with ¢(A;) = A/.

o If instead we have d(A1, Aj) = d(A{, A}) and LAy A1 A3 = LA5A{ A, then there
is a unique ¢ € Isom(R?) with ¢(A;) = A/.

Trigonometry:

o If AABC has sides a, b, c and opposite angles «, 3, , then

sina  sinfS  sinvy cosa = cosbcosc+ sinasinbsinc,

sina  sinb  sinc’ cos @ = — cos 3 cosy + sin asin 3 sin 7.
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A.3 Hyperbolic geometry

Models:

e Hyperboloid: S = {(z,y,2) : 22+y*—2% = —1,2 < 0}, with the Minkowski metric
da? +dy? —dz? on R3. Lines are intersections of S with planes through the origin.
e Unit disk model: D = {z € C: |z| < 1} with metric

4P = 4 (d:zr:2 + dyQ)
(1—2%— y2)2
Lines are Euclidean lines/circles perpendicular to 9D.
e Upper half plane model: H = {z € C: R(z) > 0} with metric
H_ da? + dy?
32
Lines are Euclidean lines/circles perpendicular to 0H.

9

Lines:

e A line is the shortest path between two points.

Plane separation: the complement of a line is a disconnected topogical space.
e There is a unique line passing through two distinct points.

Two distinct lines intersect in at most one point.

Given z and L as previously, there is a unique line passing through = perpendicular
to L, and infinitely many lines passing through x which do not intersect L.
Circles:

e In either the upper half-plane or the unit disk models, circles are Euclidean circles
(but their centres are not the Euclidean centres.)

e A line and a circle, or two distinct circles, intersect in at most two points.

e The perimeter of a circle of radius R is 27 sinh R.

Isometries:

o If F1, F, are orthogonal frames, then there is a unique isometry taking Fj to Fb.
e Any isometry which fixes three non-colinear points is the identity.
e Any isometry can be written as the composition of at most three reflections.

Triangles:

e The sum of the interior angles in a AABC is m — Area(ABC).

o If A, Ay, A3 and A{, A}, Aj are two sets of non-colinear points with d(A4;, A;) =
d(A;, Aj), then there is a unique ¢ € Isom(R?) with ¢(4;) = A/.

o If instead we have d(A1, Aj) = d(A{, A}) and LAy A1 A3 = LA5A{ A, then there
is a unique ¢ € Isom(R?) with ¢(4;) = A/.

Trigonometry:

o If AABC has sides a, b, c and opposite angles «, 3,, then

sin «v sin 8 sin ~y cosh a = cosh b cosh ¢ — cos asinh bsinh c,

sinha  sinhb  sinhe’ cos a = — cos [ cosy + cosh asinh 5 sinh .

End of notes
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